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Abstrat
Demonstrating the split otonion formalism for unied elds of dyons (eletromagneti elds)
and gravito-dyons (gravito-Heavisidian elds of linear gravity), relevant eld equations are derived
in ompat, simpler and manifestly ovariant forms. It has been shown that this unied model
reprodues the dynamis of struture of elds assoiated with individual harges (masses) in the
absene of others.
1 Introdution
Magneti monopoles [1℄ were advoated to symmetrize Maxwell's equations in a manifest way
that the mere existene of an isolated magneti harge implies the quantization of eletri harge
and aordingly the onsiderable literature [2, 3, 4, 5, 6, 7℄ has ome in fore. The fresh interests
are enhaned with the idea of t' Hooft [8℄ and Polyakov [9℄ that the lassial solutions having the
properties of magneti monopoles may be found in Yang - Mills gauge theories. Julia and Zee [10℄
extended it to onstrut the theory of non Abelian dyons (partiles [2, 3℄ arrying simultaneously
∗
Permanent Address- Department of Physis, Kumaun University, S. S. J. Campus, Almora -263601 (U.A.) INDIA
1
eletri and magneti harges). In view of the explanation of CP-violation in terms of non-zero
vauum angle of world [11℄, the monopoles are neessary dyons and Dira quantization ondition
permits dyons to have analogous eletri harge.The quantum mehanial exitation of fundamental
monopoles inlude dyons whih are automatially arisen [5, 7℄ from the semi-lassial quantization of
global harge rotation degree of freedom of monopoles. Aordingly, the self-onsistent and manifestly
ovariant theory of generalized eletromagneti elds assoiated with dyons (partiles arrying eletri
and magneti harges) has been disussed by us [12, 13℄.
The lose analogy between Newton's gravitation law and Coulomb's law of eletriity led many
authors to investigate further similarities, suh as the possibility that the motion of mass-harge ould
generate the analogous of a magneti eld whih is produed by the motion of eletri-harge, i.e. the
eletri urrent. So, there should be the mass urrent would produe a magneti type eld namely
'gravitomagneti' eld. Maxwell [14℄ in one of his fundamental works on eletromagnetism, turned
his attention to the possibility of formulating the theory of gravitation in a form orresponding to
the eletromagneti equations. In 1893 Heaviside [15℄ investigated the analogy between gravitation
and eletromagnetism where he explained the propagation of energy in a gravitational eld, in terms
of a gravito eletromagneti Poynting vetor, even though he (just as Maxwell did) onsidered the
nature of gravitational energy a mystery. The analogy has also been explored by Einstein [16℄, in
the framework of General Relativity, and then by Thirring [17℄ and Lense and Thirring [18℄, that a
rotating mass generates a gravito magneti eld ausing a preession of planetary orbits. Expounding
the basis of the gravito eletromagneti form of the Einstein equations,theory of gravito magnetism
has also been reviewed by Ruggiero-Tartaglia [19℄.
As suh, this analogy desribes a strutural symmetry between linear gravitational and usual ele-
tromagneti elds and leads the asymmetry in Einstein's linear equation of gravity and aordingly
suggests the existene [20, 21℄ of gravitational analogue of magneti monopole. Like magneti eld,
Cantani [22℄ introdued a new eld (i.e. namely the Heavisidian eld) depending upon the veloi-
ties of gravitational harges (masses) and derived the ovariant equations (Maxwell's equations) of
linear gravitational elds. Avoiding the use of arbitrary string variables [1℄, we [23, 24℄ have also
formulated manifestly ovariant theory of gravito-dyons in terms of two four-potentials and main-
tained the strutural symmetry between generalized eletromagneti elds of dyons and generalized
gravito-Heavisidian elds of gravito-dyons.
There has been a revival in the formulation of natural laws so that there exists [25℄ four-division
algebras onsisting the algebra of real numbers (R), omplex numbers (C), quaternions (H) and O-
tonion (O). All four algebra's are alternative with totally anti symmetri assoiators. Quaternions
[26℄ were very rst example of hyper omplex numbers have been widely used [27℄ to the various ap-
pliations of mathematis and physis. Sine otonions share with omplex numbers and quaternions,
many attrative mathematial properties, one might exept that they would be equally as useful as
others. Otonion [28℄ analysis has been widely disussed by Baez [29℄. It has now played an impor-
tant role in the ontext of various physial problems [30℄ of higher dimensional supersymmetry, super
gravity and super strings et. In reent years, it has also drawn interests of many [31℄ towards the
developments of wave equation and otonion form of Maxwell's equations. We have also studied [32℄
otonion eletrodynamis, dyoni eld equation and otonion gauge analytiity of dyons onsistently
and obtained the orresponding eld equations (Maxwell's equations) and equation of motion in om-
pat and simpler formulation. Keeping these appliations of otonions in mind, in the present paper,
we have applied the formalism of split otonions to develop an unied model for generalized eletro-
magneti elds of dyons and those for generalized Gravito-Heavisidian elds of gravito dyons with the
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simultaneous existene of eletri, magneti, gravitational and Heavisidian harges (masses). We have
thus obtained manifestly ovariant forms of relevant eld equations and derived the orresponding
quantization parameters in onsistent, ompat, simpler forms. It has been shown that this unied
theory reprodues the dynamis of individual harges (masses) in the absene of others.
2 Otonion Denition
An otonion x is expressed as a set of eight real numbers
x = (x0, x1, ...., x7) = x0e0 + x1e1 + x2e2 + x3e3 + x4e4 + x5e5 + x6e6 + x7e7
= x0e0 +
7∑
A=1
xAeA (A = 1, 2, ....., 7) (1)
where eA(A = 1, 2, ....., 7) are imaginary otonion units and e0is the multipliative unit element. Set
of otets (e0, e1, e2, e3, e4, e5, e6, e7) are known as the otonion basis elements and thus satisfy the
following multipliation rules
e0 = 1, e0eA = eAe0 = eA (A = 1, 2, ......7)
eAeB = −δABe0 + fABC eC . (A,B,C = 1, 2, ......7) (2)
The struture onstants fABC are desribed as ompletely antisymmetri and take the value 1 for
following ombinations[29, 30, 31℄;
fABC = +1 = (123), (471), (257), (165), (624), (543), (736). (3)
It is to be noted that the summation onvention is used for repeated indies. Here the otonion
algebra O is desribed over the algebra of rational numbers having the vetor spae of dimension 8.
Otonion algebra is non assoiative and multipliation rules for its basis elements given by equations
(2,3) are then generalized in the following table:
· e1 e2 e3 e4 e5 e6 e7
e1 −1 e3 −e2 e7 −e6 e5 −e4
e2 −e3 −1 e1 e6 e7 −e4 −e5
e3 e2 −e1 −1 −e5 e4 e7 −e6
e4 −e7 −e6 e5 −1 −e3 e2 e1
e5 e6 −e7 −e4 e3 −1 −e1 e2
e6 −e5 e4 −e7 −e2 e1 −1 e3
e7 e4 e5 e6 −e1 −e2 −e3 −1
Table1- Otonion Multipliation table
Hene we have
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eA(eBeC) 6= (eAeB)eC (4)
and the ommutation rules for otonion basis elements are given by
[eA, eB] = 2fABCeC ;
{eA, eB} = −δABe0; (5)
where brakets [ ] and { } are used respetively for ommutation and the anti ommutation relations
while δAB is the usual Kronekar delta-Dira symbol.Otonion onjugate is thus dened as,
x¯ = x0e0 − x1e1 − x2e2 − x3e3 − x4e4 − x5e5 − x6e6 − x7e7
= x0e0 −
7∑
A=1
xAeA (A = 1, 2, ....., 7) (6)
where we have used the onjugates of basis elements as
e0 = e0; eA = −eA. (7)
An Otonion an be deomposed in terms of its salar (Sc(x)) and vetor (V ec(x)) parts as
Sc(x) =
1
2
(x + x¯) = x0
V ec(x) =
1
2
(x − x¯) =
7∑
A=1
xAeA (8)
Conjugates of produt of two otonions and its own are desribed as
(xy) = y x ; (x¯) = x (9)
while the salar produt of two otonions is dened as
〈x , y 〉 =∑7α=0 xαyα = 12(x y¯ + y x¯) = 12(x¯ y + y¯ x) (10)
whih an be written in terms of otonion units as
〈eA , eB 〉 = 1
2
(eAeB + eBeA) =
1
2
(eAeB + eBeA) = δAB. (11)
Following Catto [30℄, let us dene
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eAB =
1
2
(eAeB − eBeA) (12)
and
e′AB =
1
2
(eAeB − eBeA). (13)
Hene we may write
eAeB =
1
2 (eAeB + eBeA)+
1
2
(eAeB − eBeA) = δAB + eAB (14)
and
eAeB =
1
2 (eAeB + eBeA)+
1
2
(eAeB − eBeA) = δAB + e′AB. (15)
Equations (12) and (13) may be interpreted as the dyadi anti symmetri tensors and an be written
omponent wise as
eAB = e
′
AB = −fABCeC ; e0A = e′0A = eA. (16)
It shows that otonions desribe the ovariant formulations in eight dimensional spae. The norm of
the otonion N(x) is dened as
N(x) = xx = x x¯ =
7∑
α=0
x2αe0 (17)
whih is zero if x = 0, and is always positive otherwise. It also satises the following property of
normed algebra
N(xy) = N(x)N(y) = N(y)N(x). (18)
As suh, for a nonzero otonion x , we dene its inverse as
x−1 =
x¯
N(x)
(19)
whih shows that
x−1x = xx−1 = 1.e0
(xy)−1 = y−1x−1. (20)
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Equation (4) shows that otonions are not assoiative and thus do not form the group in their usual
form. Non-assoiativity of otonion algebra O is provided by the assoiator [30, 31, 32, 33℄dened for
any 3 otonions as follows,
(x, y, z) = (xy)z − x(yz) ∀x, y, z ∈ O (21)
whih gives rise to the assoiator for otonion units as
(eA, eB, eC) = 2 εABCDeD .∀ (A,B,C,D = 1, 2, ..., 7). (22)
Here εABCD are totally antisymmetri and equal to unity for the following 7ombinations ,
1247, 1265, 2345, 2376, 3146, 3157 and 4576. (23)
On the other hand, the quaternion algebra H satises the assoiativity and forms a group under
multipliation. It is desribed as the sub algebra of otonions and thus an be represented in terms
of unit matrix 1ˆ and Pauli matries σjas
e0 → σ0 = 1ˆ , and ej → −iσj (∀ j = 1, 2, 3)((i =
√−1)). (24)
It is trivial to hek that the above map is an isomorphism i.e.
ejek ⇒ −σjσk = −(δjk + i εjklσl) ⇔ −δjk + εjklel) (∀ j, k, l = 1, 2, 3). (25)
As suh,in ontrast to H, the Cayley algebra O annot be represented by matries with the usual
multipliation rules due to its non assoiative nature. However, it is possible to represent otonions
by matries, provided one denes a speial multipliation rule among them in terms of its split otonion
basis elements.
3 Split Otonions
The split otonions are a non assoiative extension of quaternions (or the split quaternions).They
dier from the otonion in the signature of quadrati form. the split otonions have a signature (4, 4)
whereas the otonions have positive signature (8, 0). The Cayley algebra of otonions over the eld
of omplex numbers CC = C⊗C is visualized as the algebra of split otonions with its following basis
elements,
6
u0 =
1
2
(1 + i e7), u
⋆
0 =
1
2
(1− i e7),
u1 =
1
2
(e1 + i e4), u
⋆
1 =
1
2
(e1 − i e4),
u2 =
1
2
(e2 + i e5), u
⋆
2 =
1
2
(e2 − i e5),
u3 =
1
2
(e3 + i e6), u
⋆
3 =
1
2
(e3 − i e6), (26)
where (i =
√−1) is usual omplex imaginary number and ommutes with all the seven otonion
imaginary units eA(A = 1, 2..., 7). Using the multipliation table of otonion we get the following
multipliation table for split otonion basis elements uβand u
⋆
β(β = 0, 1, 2, 3) as,
. u⋆0 u
⋆
1 u
⋆
2 u
⋆
3 u0 u1 u2 u3
u⋆0 u
⋆
0 u
⋆
1 u
⋆
2 u
⋆
3 0 0 0 0
u⋆1 0 0 u3 −u2 u⋆1 −u⋆0 0 0
u⋆2 0 −u3 0 u1 u⋆2 0 −u⋆0 0
u⋆3 0 u2 −u1 0 u⋆3 0 0 −u⋆0
u0 0 0 0 0 u0 u1 u2 u3
u1 u1 −u0 0 0 0 0 u⋆3 −u⋆2
u2 u2 0 −u0 0 0 −u⋆3 0 u⋆1
u3 u3 0 0 −u0 0 u⋆2 −u⋆1 0
Table2- Split Otonion Multipliation table
As suh an otonion Z an be expressed in terms of split otonion basis elements as
Z = zou0 + z
⋆
ou
⋆
0 +zjuj + z
⋆
ju
⋆
j (27)
where zβ(β = 0, 1, 2, 3) are the omplex numbers and
u0Z = zβuβ = z ; u
⋆
0Z = z
⋆
βu
⋆
β = z
⋆. (28)
Like otonions , split otonions are non ommutative and non assoiative . They also form a ompo-
sition algebra and satisfy equation (18). Split otonions also satisfy the Moufang identities and thus
form the alternative algebra. Therefore,by Artin's theorem, the sub algebra generated by any two
elements is assoiative and the set of all invertible elements (i.e. those elements for whih N(x) 6= 0)
desribe a Moufang loop. We may now introdue a onvenient realization for the split otonion
basis elements (u0, u
⋆
0, uj, u
⋆
j )(j = 1, 2, 3) in terms of quaternion basis elements, e0 → σ0 = 1ˆ and
ej → −iσjas
u0 =
(
0 0
0 1
)
; u⋆0 =
(
1 0
0 0
)
uj =
(
0 0
ej 0
)
; u⋆j =
(
0 −ej
0 0
)
. (29)
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The split Cayley (otonion) algebra is thus expressed in terms of 2× 2 Zorn's vetor matries ompo-
nents of whih are salar and vetor parts of a quaternion i.e.
O = {
(
m −→p
−→q n
)
: m,n ∈ Sc(H); −→p ,−→q ∈ V ec(H)}. (30)
As suh , we may also write an arbitrary split otonion A in terms of following 2 × 2 Zorn's vetor
matrix realizations as.
A = au⋆0 + bu0 + xju
⋆
j + yjuj =
(
a −−→x
−→y b
)
(31)
where a and b are salars and −→x and −→y are three vetors. Thus the produt of two otonions in terms
of 2× 2 Zorn's vetor matrix realization is expressed as
(
a −→x
−→y b
)(
c −→u
−→v d
)
=
(
ac+−→x · −→v a−→u + d−→x −−→y ×−→v
c−→y + b−→v +−→x ×−→u −→y · −→u + bd
)
(32)
where (×) denotes the usual vetor produt, ej (j = 1, 2, 3)with ej × ek = εjkleland ejek = −δjk.
As suh, we an relate the split otonions to the vetor matries given by equation (29). Otonion
onjugate of equation(31) in terms of 2× 2 Zorn's vetor matrix realization is now dened as
A = bu⋆0 + au0 − xju⋆j − yjuj =
(
b −→x
−−→y a
)
. (33)
The norm of Ais then dened as,
N(A) = AA = AA = (ab +−→x · −→y ) · 1ˆ = n(A)1ˆ (34)
where 1ˆ is the identity element of the algebra given by 1ˆ = 1u⋆0 + 1u0 and the expression n(A) =
(ab+−→x · −→y ) denes the quadrati form whih admits the omposition n(−→A.−→B ) = n(−→A )n(−→B ) for all−→
A ,
−→
B ∈ O. As suh, we may easily express the Eulidean or Minikowski four vetor in split otonion
formulation in terms of 2 × 2 Zorn's vetor matrix realization. So, the spae-time four-dierential
operator and its onjugates are then be written as
⊡ =
(
∂4 −−→∇−→∇ ∂4
)
=
(
i∂0 −−→∇−→∇ i∂0
)
;
⊡ =
(
∂4
−→∇
−−→∇ ∂4
)
=
(
i∂0
−→∇
−−→∇ i∂0
)
. (35)
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4 Duality Invariane and Generalized Fields of Dyons and Gravito-
dyons
Duality invariane is an old idea introdued a entury ago in lassial eletromagnetism for
Maxwell's equations in vauum i.e.
−→∇ · −→E = 0 ; −→∇ ×−→E = −∂
−→
M
∂t
−→∇ · −→M = 0 ; −→∇ ×−→M = ∂
−→
E
∂t
. (36)
where
−→
E is the eletri eld and
−→
M is the magneti elds. For brevity we have made use of the
natural units (c = ~ = 1), and taking the other onstants like gravitational onstant as unity though
out the text. Maxwell's equations in vauum are symmetrial as well as invariant under both Lorentz
transformations (in fat, onformal) and eletromagneti duality transformations given by,
−→
E → −→E cos θ +−→M sin θ; −→M → −−→E sin θ +−→M cos θ. (37)
For a partiular value of θ = π2 , equation (37) redues to,
−→
E → −→M ; −→M → −−→E or( −→
E−→
M
)
=
(
0 −1
1 0
)( −→
E−→
M
)
. (38)
In terms of omplex vetors the duality transformations are visualized as
(
−→
E + i
−→
M)→ exp(iθ) (−→E + i−→M) (39)
Lorentz invariane is obeyed even if we write Maxwell's equations in ovariant formulation on intro-
duing the eletromagneti eld strengths. The duality symmetry is lost if eletri harge and urrent
soure densities enter to Maxwell's equations. However, onventional Maxwell's equations are invari-
ant under Lorentz and onformal transformations but neither these are symmetrial nor are invariant
under the duality transformations (37, 38, 39) . Dira [1℄ put forward this idea and introdued the
onept of magneti monopole not only to symmetrize the Maxwell's equations but also to make them
dual invariant. Thus, eletromagneti duality requires:-
• The existene of magneti monopoles
• The existene of magneti monopole is losely related to the existene of a ompat U(1)gauge
group.
• The magneti harge implies the C- invariane
• Monopole equations are to be invariant under duality transformations.
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Consequently, the Generalized Dira Maxwell's (GDM )equations given below
−→∇ · −→E = ρe; −→∇ ×−→E = −∂
−→
M
∂t
−−→jm;
−→∇ · −→M = ρm; ∇×−→M = −→je + ∂
−→
E
∂t
; (40)
are invariant under duality transformations (37, 38, 39) inorporating the following duality among the
eletri and magneti harge and urrent soure densities
(
ρe
ρm
)
=
(
0 −1
1 0
)(
ρe
ρm
)
;
( −→
je−→
Jm
)
=
(
0 −1
1 0
)( −→
je−→
Jm
)
. (41)
Here ρe is the eletri harge soure density, ρm is magneti harge (monopole) soure density,
−→
je is
the eletri urrent soure density and
−→
jm is magneti urrent (monopole) soure density.
Aordingly, on postulating the existene of Heavisidian monopole [20, 21, 22, 23℄ and keeping
in view the asymmetry therein between the gravitational (gravi-eletri) and Heavisidian (gravi-
magneti) in Maxwellian gravity, the strutural symmetry between these two interations desribes
the invariane of GDM type equations for gravito-Heavisidian elds
−→∇ · −→G = ρg; −→∇ ×−→G = −∂
−→
H
∂t
−−→jh ;
−→∇ · −→H = ρm; ∇×−→H = −→jh + ∂
−→
G
∂t
; (42)
under the following duality transformations,
( −→
G−→
H
)
=
(
0 −1
1 0
)( −→
G−→
H
)
;
(
ρg
ρh
)
=
(
0 −1
1 0
)(
ρg
ρh
)
;
( −→
jg−→
Jh
)
=
(
0 −1
1 0
)( −→
jg−→
Jh
)
. (43)
here
−→
G is the gravitational (gravi-eletri) eld ,
−→
H is the Heavisidian (gravi-magneti) elds, ρg is
the gravitational (gravi-eletri) harge (mass) density, ρm is Heavisidian (gravi-magneti) monopole
(mass) density,
−→
jg is the gravitational (gravi-eletri) urrent density and
−→
jh is Heavisidian (gravi-
magneti) monopole urrent density in Maxwellian gravity (namely linear gravity). We may write
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these theories in ovariant formulations aordingly by introduing the orresponding eld strengths
and gauge potentials. But the introdution of magneti (Heavisidian) monopole (mass) leads to
various disrepanies like the string singularity and even the Dira quantization ondition is no more
dual invariant. Then the theories of dyons (partiles arrying simultaneous existene of eletri and
magneti harges) ome in fore and Dira quantization ondition have been made dual invariant
by replaing it with Shwinger-Zwanziger [2, 3℄ quantization ondition. In order to avoid the use of
arbitrary string variables and keeping in mind the idea of two four-potentials, we have developed a
manifestly ovariant and dual invariant theory of generalized eletromagneti elds of dyons [12, 13℄
and aordingly those of generalized gravito-Heavisidian elds of gravito-dyons [23, 24℄ on assuming
the generalized harge, four-potential,vetor eld, urrent and generalized eld tensors of dyons (
gravito dyons ) as a omplex (order pair of two real numbers) ones like equation (39) with their real
and imaginary parts as a eletri (gravitational) and magneti (Heavisidian)onstituents. Hene the
Generalized Dira Maxwell's (GDM )equations given by equations (40) and (42) are respetively the
eld equations of dyons and gravito-dyons. Let us summaries these two theories in the following table;
Dynamial variables Fields assoiated with dyons Fields assoiated with Gravito-dyons
Generalized Charge (mass) QEM = (e, g) = (e+ ig) QGH = (m, h) = (m+ ih)
Generalized four-potential V EMµ = (Aµ, Bµ) = (Aµ + iBµ) V
GH
µ = (Cµ, Dµ) = (Cµ + iDµ)
Generalized four-urrent JEMµ = (j
(E)
µ , j
(M)
µ ) = (j
(E)
µ + i j
(M)
µ ) JGHµ = ( j
(G)
µ , j
(H)
µ )
Generalized vetor- eld
−→
ψ EM = (
−→
E ,
−→
M) = (
−→
E ,+i
−→
M)
−→
ψ GH = (
−→
G,
−→
H ) = (
−→
G + i
−→
H )
Generalized eld Tensor FEMµν = (Aµν , Bµν) = (Aµν + i Bµν) F
GH
µν = (Cµν , Dµν) = (Cµν + iDµν)
where EM stands for eletromagneti, GH is used for gravito-Heavisidian; Aµν = Aµ,ν − Aν,µ =
∂νAµ − ∂µAν ; Bµν = Bµ,ν − Bν,µ = ∂νBµ − ∂µBν ; Cµν = Cµ,ν − Cν,µ = ∂νCµ − ∂µCνand Dµν =
Dµ,ν − Dν,µ = ∂νDµ − ∂µDν(µ, ν = 0, 1, 2, 3). Here the real parameters of omplex variables are
desribed as the eletri (gravitational) onstituents while the imaginary ounter parts of omplex
variables are identied as the magneti (Heavisidian) onstituents of dyons (gravito-dyons). These
elds and their quantum equations will desribed in detail in ovariant formulation in the next setions
with the appliations of split otonions. As suh, duality transformations for these dynamial variables
assoiated with dyons (gravito-dyons) in generalized eletromagneti (gravito-Heavisidian) elds take
the following forms,
Q → (exp iθ).(Q)
Vµ → (exp iθ).(Vµ)
Jµ → (exp iθ).(Jµ)
−→
ψ → (exp iθ).(−→ψ )
Fµν → (exp iθ).(Fµν ). (44)
Hene with these transformations the GDM equations (40, 42), orresponding ovariant eld equations
, equation of motion, Shwinger-Zwanziger [2, 3℄ quantization ondition, BPS mass formula and the
energy- momentum densities of generalized eletromagneti ((gravito-Heavisidian)) elds of dyons
(gravito-dyons) in omplex representation are invariant. The duality onjeture has now been gaining
enormous potential importane in onnetion with latest developments of elementary partiles in gauge
theories, grand unied theories, supersymmetry and super strings.
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5 Split Otonion Formulation for Unied Fields of Dyons
We may apply now the split otonion formalism in order to formulate the unied theory of
generalized eletromagneti elds of dyons [12, 13℄ and those of generalized gravito-Heavisidian elds
of gravito-dyons [23, 24℄ disussed above. Let us ombine the generalized harges of dyons and gravito-
dyons (i.e. both omplex quantities) with the help of Cayley Dikson proess to make them an unied
quaternion tetrad. As suh we may express the quaternion harge for the unied elds of dyons and
gravito-dyons as
Q = (e+ i g) + (m+ i h)j = e+ i g + j m+ i j h = e+ i g + j m+ k h = (e , g ,m , h) (45)
where i, j, k are the three non ommutating quaternion imaginary elements i2 = J2 = k2 = −1; i j =
−j i = k; j k = −k j = i; k i = −i k = j and we may replae them by the quaternion units e1, e2 and
e3 of quaternion tetrad (1, e1, e2, e3) whih satises the multipliation rules given by equation (25).
Unfortunately the quaternion basis elements loose the matrix realization when we write them in split
basis. Like equation (31), we may now dene the split otonion representation of unied quaternion
harge of dyons and gravito-dyons in terms of 2× 2 Zorn's vetor matrix realization as
Q = (e, g,m, h) =
{
e −e1g − e2m− e3h
e1g + e2m+ e3h e
}
= e(u⋆0 + u0) + g(u1 + u
⋆
1)+ m(u2 + u
⋆
2) + h(u3 + u
⋆
3). (46)
Like equation (33), we may write split otonion onjugate of unied quaternion harge of dyons and
gravito-dyons in terms of 2× 2 Zorn's vetor matrix realization as
Q = (e,−g,−m,−h) =
{
e e1g + e2m+ e3h
−e1g − e2m− e3h e
}
= e(u⋆0 + u0)− g(u1 + u⋆1)− m(u2 + u⋆2)− h(u3 + u⋆3). (47)
The norm of split otonion form of unied quaternion harge of dyons and gravito-dyons is dened
as,
N(Q) = QQ = QQ
=
(
e2 + g2 +m2 + h2 0
0 e2 + g2 +m2 + h2
)
.1ˆ = (e2 + g2 +m2 + h2).1ˆ. (48)
The interation of ath split otonioni harge Qa in the eld of other b
th
split otonioni harge Qb
now depends on the quantity,
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Qa.Qb = u0(eaeb +mamb + gagb + hahb)
+ u1 (−eagb + gaeb +mahb − hamb)
+ u2 (−eamb +maeb + hagb − gahb)
+ u3 (−eahb + haeb + gamb −magb)
+ u⋆0 (eaeb +mamb + gagb + hahb)
+ u⋆1 (hamb −mahb − eagb + gaeb)
+ u⋆2 (gahb − hagb − eamb +maeb)
+ u⋆3 (magb − gamb − eahb + haeb) (49)
and
Qa.Qb = u0(eaeb +mamb + gagb + hahb)
+ u1 (eagb − gaeb +mahb − hamb)
+ u2 (eamb −maeb + hagb − gahb)
+ u3 (eahb − haeb + gamb −magb)
+ u⋆0 (eaeb +mamb + gagb + hahb)
+ u⋆1 (hamb −mahb + eagb − gaeb)
+ u⋆2 (gahb − hagb + eamb −maeb)
+ u⋆3 (magb − gamb + eahb − haeb). (50)
Like equation (31), we may now introdue the unied split otonion form of quaternion valued four-
potential of dyons and gravito-dyons in terms of 2× 2 Zorn's vetor matrix realization as,
V =
(
A0 +B0 + C0 +D0 −(−→A +−→B +−→C +−→D)
(
−→
A +
−→
B +
−→
C +
−→
D) A0 +B0 + C0 +D0
)
=
(
V0 −−→V−→
V V0
)
(51)
where A, B,C and D are the quaternioni forms of four-potential assoiated with eletri, magneti,
gravitational (g-eletri) and Heavisidian (g-magneti) harges respetively. These are also written
as follows in split otonioni formulation in terms of 2× 2 Zorn's vetor matrix realization ,
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A =
(
A0 −−→A−→
A A0
)
=
(
A0 −(A1e1 +A2e2 +A3e3)
(A1e1 +A2e2 +A3e3) A0
)
;
B =
(
B0 −−→B−→
B B0
)
=
(
B0 −(B1e1 +B2e2 +B3e3)
(B1e1 +B2e2 +B3e3) B0
)
;
C =
(
C0 −−→C−→
C C0
)
=
(
C0 −(C1e1 + C2e2 + C3e3)
(C1e1 + C2e2 + C3e3) C0
)
;
D =
(
D0 −−→D−→
D D0
)
=
(
D0 −(D1e1 +D2e2 +D3e3)
(D1e1 +D2e2 +D3e3) D0
)
. (52)
As suh, we have reformulated the four vetor potentials of all the individual harges namely, ele-
tri, magneti, gravitational (g-eletri) and Heavisidian (g-magneti), by the virtue of split otonion
analytiity in terms of 2× 2 Zorn's vetor matrix realization. Aordingly, the split otonion form of
quaternion unied vetor eld of dyons and gravito-dyons may then be expressed as
−→
Ψ =
(
0 −(−→E +−→M +−→G +−→H )
(
−→
E +
−→
M +
−→
G +
−→
H ) 0
)
(53)
where C ,
−→
M ,
−→
G and
−→
H are respetively the generalized eletri, magneti, gravitational and Heav-
isidian elds desribed in terms of two four potential theory of dyons and gravito-dyons with the
following denitions ,
−→
E = − ∂
−→
A
∂t
−−→∇A0 −−→∇ ×−→B ;
−→
M = −∂
−→
B
∂t
−−→∇B0 +−→∇ ×−→A ;
−→
G = −∂
−→
C
∂t
−−→∇C0 +−→∇ ×−→D ;
−→
H =
∂
−→
D
∂t
+
−→∇D0 +−→∇ ×−→C ; (54)
where
−→∇ = (∂1, ∂2, ∂3) = (e1∂1 + e2∂2,+e∂3) and these generalized eletri, magneti, gravitational
and Heavisidian elds satisfy the pairs of Generalized Dira-Maxwell's (GDM) equations (40, 42) of
dyons and gravito-dyons. the omponents of split otonion valued unied four potential V given by
equation (51) and unied eld
−→
Ψ given by equation (53) establish the following relation among them
as ,
−→
Ψ = −∂
−→
V
∂t
−−→∇V0 + i−→∇ ×−→V . (55)
Operating ⊡ given by equation (35) to equation (51) and using the properties of multipliation of split
otonion algebra n terms of 2× 2 Zorn's vetor matrix realization, we get the following split otonion
form of potential eld equation for the unied theory of dyons and gravito-dyons as,
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⊡ V = Ψ (56)
where
Ψ =
(
∂0V0 +
−→∇ · −→V ∂
−→
V
∂t
+
−→∇V0 − i−→∇ ×−→V
−∂
−→
V
∂t
−−→∇V0 + i−→∇ ×−→V ∂0V0 +−→∇ · −→V
)
=
(
0 −−→Ψ−→
Ψ 0
)
is the split otonion form of unied vetor eld while the diagonal omponents vanish due to the
Lorentz gauge onditions applied to eah four potentials. Equation (56) is the split otonion potential
wave equation for the unied elds of dyons and those of gravito dyons.This equation may also be
visualized as the analogue of unied GDM equations of dyons and gravito-dyons and is invariant
under duality, quaternion and Lorentz transformations. As suh, the unied potential eld equation
(56) is simple, ompat ,onsistent and manifestly ovariant. Aordingly, we may write the split
otonion representation for four-urrent assoiated with the unied elds of dyons and gravito-dyons
, the omponents of whih are given by Eq. (4042), in the following manner ,
J =
(
ρe + ρg + ρm + ρh −(−→je +−→jg +−→jm +−→jh)
(
−→
je +
−→
jg +
−→
jm +
−→
jh) ρe + ρg + ρm + ρh
)
=
(
J0 −−→J−→
J J0
)
(57)
where
⊡⊡A = ⊡ ⊡A = je =
(
ρe −−→je−→
je ρe
)
;
⊡⊡B = ⊡ ⊡B = jg =
(
ρg −−→jg−→
jg ρg
)
;
⊡⊡C = ⊡ ⊡ C = jm =
(
ρm −−→jm−→
jm ρm
)
;
⊡⊡D = ⊡ ⊡D = jh =
(
ρh −−→jh−→
jh ρh
)
(58)
and
⊡⊡ = ⊡⊡ = (∂24 + ∂
2
1 + ∂
2
2 + ∂
2
3).1ˆ = (−
∂2
∂t2
+
∂2
∂x2
+
∂2
∂y2
+
∂2
∂z2
).1ˆ. (59)
Hene we may write the split otionion form of unied GDM equations in the following mannere as
the onnetion between potential and urrent,
⊡⊡V = ⊡ ⊡ V =
(
J0 −−→J−→
J J0
)
= J. (60)
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Here we may also obtain the split otonioni forms of Lorentz gauge ondition as well as the ontinuity
equation. These are desribed in terms of the inner produts of two split otonions i.e. the inner
produt of split otonion dierential operator respetively with potential and urrent of unied elds
of dyons and gravito-dyons. Similarly, Split otonion representation for eld strength tensor Qµν =
Vµ,ν − Vν,µ = FEMµν + FGHµν = (Aµν , Bµν , Cµν , Dµν) for the unied elds of dyons and gravito-dyons
may be desribed as,
F =
(
∂µVµ −ej(∂0Vj + ∂jV0 + iεjkl∂kVl)
ej(∂0Vj + ∂jV0 + iεjkl∂kVl) ∂µVµ
)
⇒
(
0 −ejΨj
ejΨj 0
)
⇔ Ψ (61)
where (j, k, l = 1, 2, 3;µ, ν = 0, 1, 2, 3) and i =
√−1 while the eld strengthsAµν , Bµν , Cµν , Dµνrespetively
assoiated with individual eletri, magneti, gravitational and Heavisidian harges (masses) redue
to the following split otonioni forms,
Fe =
(
∂µAµ −ej(∂0Aj + ∂jA0 + iεjkl∂kAl)
ej(∂0Aj + ∂jA0 + iεjkl∂kAl) ∂µAµ
)
⇔ Ψe;
Fg =
(
∂µBµ −ej(∂0Bj + ∂jB0 + iεjkl∂kBl)
ej(∂0Bj + ∂jB0 + iεjkl∂kBl) ∂µBµ
)
⇔ Ψg;
Fm =
(
∂µCµ −ej(∂0Cj + ∂jC0 + iεjkl∂kCl)
ej(∂0Cj + ∂jC0 + iεjkl∂kCl) ∂µCµ
)
⇔ Ψm;
Fh =
(
∂µDµ −ej(∂0Dj + ∂jD0 + iεjkl∂kDl)
ej(∂0Dj + ∂jD0 + iεjkl∂kDl) ∂µDµ
)
⇔ Ψh. (62)
Similarly we may write the split otonion form of the generalized eld strengths FEMµν = V
EM
µ,ν −V EMν,µ of
generalized eletromagneti elds of dyons and those FGHµν = V
GH
µ,ν − V GHν,µ for the generalized gravito-
Heavisidian elds of gravito-dyons in the following manner,
FEM =
(
∂µV
EM
µ −ej(∂0V EMj + ∂jV EM0 + iεjkl∂kV EMl )
ej(∂0V
EM
j + ∂jV
EM
0 + iεjkl∂kV
EM
l ) ∂µV
EM
µ
)
⇔ ΨEM ;
FGH =
(
∂µV
GH
µ −ej(∂0V Ghj + ∂jV GH0 + iεjkl∂kV GHl )
ej(∂0V
GH
j + ∂jV
GH
0 + iεjkl∂kV
GH
l ) ∂µV
Gh
µ
)
⇔ ΨGH .(63)
Unied split otonion valued eld tensor Qµν = Vµ,ν − Vν,µ = FEMµν + FGHµν = (Aµν , Bµν , Cµν , Dµν)
is self-dual and is also invariant under otonion transformations. The omponents of split otonion
eld tensor are the omponents of split otonion vetor eld Ψ given by equation (61). Unied split
otonion valued urrent and split otonion eld tensor lead to the unied GDM eld equation in the
following manner;
Qµν,ν = Jµ ⇔ ⊡ ⊡ V =
(
J0 −−→J−→
J J0
)
= J (64)
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whih , on using equation (56) , is equivalent to the following split otonion form of eld equation
⊡Ψ = J. (65)
Equation (65) is the thus represents the split otonion formulation of GDM eld equations for the
unied elds of dyons and gravito-dyons.
6 Conlusion
The foregoing analysis desribes the ombined dynamis of dual invariant unied eletromagneti
and gravito-Heavisidian elds with the simultaneous existene of eletri, magneti, Gravitational
and Heavisidian harges (masses). Though the existene of magneti and Heavisidian harges is not
onrmed, but sound theoretial investigations are in favour of their existene leading to the deeper
understanding of fundamental interations and onstituents of matter. From the above analysis it
may also be onluded that besides the potential importane of monopoles as intrinsi part of urrent
grand unied theories, monopoles and dyons may provide even more ambitious model to purport the
uniation of gravitation with strong and eletro weak fores. The unied quaternion representation
of harges in split otonion basis shows that the dynamis of eletri harge is desribed by the
Abelian U (1) gauge struture while the dynamis of other harges have the diret link with SU(2) non
Abelian gauge theories leading to their extended struture. Here we have tried to aommodate a new
possibility of uniation of fundamental interations in terms of split otonion basis elements where
the advaned algebra of otonion is apable to deal the higher dimensional struture of the theory in
order to explain the urvature in general relativity at one end and the role of monopoles and dyons in
super-symmetry, super-gravity and super strings at the other end. The unied theory presented here
hene reprodues the dynamis of eletri harge in the absene of other harges. It also reprodues
the theory of dyons in the absene of gravito dyons or vie versa. The split otonion formalism may
easily be desribed for the lassial and quantum theories elds assoiated with one, two and four
harges while the quantization ondition leading to interation terms desribe the ombination of
dynamis of harges assoiated with the split otonion basis elements.
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